In this paper, we introduce a kind of combinatorial numbers, D − Stirling numbers, and its special cases. An exponential generating function of the D − Stirling numbers is given. We also present recurrence relations, monotonicity, and limiting properties of the D−Stirling numbers. Applications to statistical probability function estimation and restricted occupancy theory are provided. Selected cases of these D − Stirling numbers are also tabulated in the Appendixes.
Introduction
The well known Stirling number of the second kind have been extensively studied and widely applied in statistical estimation problems and combinatorial analysis, see for example, Riordan (1958) , Jordan (1965) , Tate and Goen (1958) , Singh (1975) , Koutras (1982) , Huang and Fung (1988) .
In this paper, we introduce a much generalized case of the Stirling number of the second kind, which are called D numbers, they are involved in the nfold convolution of doubly truncated Poisson distribution (Johnson, Kotz and Kemp, 1992 ). This distribution is called the D distribution (Huang and Fung, 1993) , the probability function (p.f.) is given by 
., n},
We call the D − Stirling numbers as D numbers in this paper for simplification.
If all (N
If all λ i ≡ λ, we write Λ ≡ λ, and define 
, for all i, they are denoted by 4 ) which are called D I numbers, i.e.
where
In the next section, we derive the exponential generating function of the D numbers. and discuss the special cases of the D numbers. Sections 3, 4 and 5 derive various properties of the D numbers: recurrence relations, monotonicity, and limiting properties. all of these can be useful for computing and tabulation purpose of the D numbers (see Appendixes A, B). Finally, some applications of the D numbers to statistical estimation and occupancy theory are provided in Section 6.
The D − Stirling Numbers
The D − Stirling numbers in (1.2) may also considered from a combinatorial point of view, when the λ i s are of positive integers instead of real numbers, thus 
where λ is a real number and 
Corollary 2.2. The exponential generating function of the
is the more generalized Stirling numbers of the second kind (Huang and Fung, 1988) . Also in this case,
is the generalized Stirling numbers of the second kind (Tate and Geon, 1958) .
is the Stirling numbers of the second kind (Jordan, 1965 ).
Recurrence Relations for d Numbers
In this section we derive recurrence relations for d(x, n; L) by using the exponential generating function (2.1). At first, we consider fixed the truncated points (N i , M i ) s. 
Trucated points
Proof. See Huang and Fung (1993), Lemma 3. It may explain Theorem 3.1 as follows: Assigning x + 1 balls is equivalent to assigning x balls first and then adding the last ball. The first x balls can be assigned to n urns in d(x, n; L) ways such that urn i contains no less than N i and no more than M i balls. Then when the last ball is added, we have nd(x, n; L) different assignments because the last ball can be assigned in n different ways. All these assignments satisfy the restriction L unless the last ball is added to an urn which already contained the minimum and maximum number of balls. The number of such unacceptable assignments is the second and third terms on the right hand side of equation (3.1).
To assigning n i=1
M i − 1 balls to n urns satisfying the restriction L, one has to fill all but one urn with the maximum allowable number of balls, and put the rest of balls into the remaining urn, which will contain exactly one less than the maximum allowable number of balls. To add an extra ball to this configuration, there is one and only one way, namely, filling up the last urn. This explains the following Thoerem. 
Next, we vary the truncated points (N i , M i ) s.
Truncated Points N i , M i are Varied Case
We note that in Appendix A, for a fixed n, the first four D I numbers in terms of x are the same in the cases of (N, M) = (1, 4) and (N, M) = (1, 5). And for a fixed n, the last four D I numbers in terms of x are the same in the cases of (N, M) = (1, 5) and (N, M) = (2, 5). We express these relationships as the following theorem. 
Proof. (i) For simplification, we use the following notation
For the left hand side of (3.6), for n > 1 and j ≤ M − N, we have
so that
On the right hand side of (3.6), for n > 1 and j ≤ M − N, we have
Thus (3.6) has been proved.
(ii) Similarly, we can show that both sides of (3.7) are equal to
We also derive the recurrence relations of D I numbers betweem different (N, M) as follows 
)
where x = nN, ..., nM. 
Monotonicity Properties of the D I Numbers
We will discuss the monotonicity properties of the D I numbers. 
(ii) When N = 0,
for nN < x < nM; the equality being true for x = nN + 1;
If
for 0 < x < nM; the equality being true for x = 2, and M ≥ 2; For M = 1, there is no equality. 
The proofs of Theorems 4.1 and 4.2 see Huang (1990) . Theorems 4.1 and 4.2 can also be numerically verified by checking the tables in Appendix A.
Limiting Properties of the D I Numbers
In this section we derive the limiting properties of the D I numbers by using the Central Limit Theorem. Theorem 5.1.
Φ(•) is the standard normal cumulative distribution function; and
(iv) When n is large
(ii) Let x be the sum of n i.i.d. doubly truncated Poisson random variables with parameter λ = 1 and right truncation points at (N, M). Then random variable X has the D distribution, and its p.f. given in (1.1), becomes
The mean and variance are given by
When n is large, we can use the Lindeberge-Levy Central Limit Theory (Fisz, 1963, p.197 ) to obtain the following
In other words,
Hence we have (5.2).
(iii) Using the fact that X is approximately normally distributed when n is large, we can find 
when n is large.
[μ] and σ 2 are function of n respectively, they can be written as μ n and σ 2 n . Let
Also f n (x) is a decreasing function of n for all x ∈ [μ n , μ n + 1/2], so that
Similarly f n (x) is an increasing function of n for all for all
Now, (5.8) can be written as 
Remark 2 For convenience, one can use the following log-form of (5.4),
log D I (x, n; (N, M)) ∼ = (x + 1/2) log x − x + n log e(N, M; 1) − log σ + log (Φ(y 1 ) − Φ(y 2 )) . (5.10 )
Applications of the D − Stirling Numbers
The D numbers and its special cases (d numbers. D I numbers) have a variety of interesting properties, and are very useful when obtaining the minimum variance unbiased estimator (MV UE) of the probability function (p.f.) of the D distribution in (1.1) (Huang and Fung, 1993, Theorem 5) .
We apply Theorem 3.1 (recurrence relations for d numbers) to calculate the values of the d numbers using a computer subroutine. Since the d numbers become very large with increasing arguments, calculation using the recurrence relations are much more accurate and efficient than using the definitions directly. The results of this paper provide a convenient computational method for the p.f. Selected cases of the D numbers are given in tables in the Appendixes A, B.
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